Introduction {#Sec1}
============

In their work about the parameterized complexity of counting problems \[[@CR11]\] Flum and Grohe introduced the parameterized analogue of the theory of computational counting as layed out by Valiant in his seminal paper about the complexity of computing the permanent \[[@CR29]\]. Since then parameterized counting has evolved into a well-studied subfield of parameterized complexity theory. In particular, there has been remarkable progress in the classification of problems that require to count small structures in large graphs. It turned out that many families of such counting problems allow so-called dichotomy results, that is, every problem in the family is either fixed-parameter tractable or hard for the class $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathrm {W[1]}}}$$\end{document}$---the counting equivalent of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm {W[1]}}}$$\end{document}$. One result of that kind is the dichotomy for counting homomorphisms \[[@CR10], [@CR13]\]. Here one is given a graph *H* from a class of graphs $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {H}}$$\end{document}$ and an arbitrary graph *G* and the task is to compute the number of homomorphisms from *H* to *G*. When parameterized by \|*H*\| this problem is fixed-parameter tractable if there exists a constant upper bound on the treewidth of graphs in $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathrm {W[1]}}}$$\end{document}$-hard otherwise. Similar results have been shown for the problems of counting subgraph embeddings \[[@CR9]\], induced subgraphs \[[@CR6]\] and locally injective homomorphisms \[[@CR26]\]. As results like Ladner's theorem (see e.g. \[[@CR1], [@CR19]\]) rule out such dichotomies in the general case one might ask why all of the above problems indeed do allow such complexity classifications. The answer to that question was given very recently by Curticapean, Dell and Marx \[[@CR8]\] who proved that, in some sense, all of those problems are the same. To this end, they defined the problem of computing linear combinations of homomorphisms which they called *graph motif parameters*. Here one is given a graph *G* and a function *a* of finite support that maps graphs to rational numbers and the task is to compute$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum _H a(H) \cdot \#{{\mathsf {Hom}}}(H,G) , \end{aligned}$$\end{document}$$where the sum is over all (unlabeled) simple graphs and $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathsf {Hom}}}(H,G)$$\end{document}$ denotes the number of homomorphisms from *H* to *G*. A result of Lovász (see Chapt. 5 in \[[@CR20]\]) implies that the number of subgraph embeddings $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathsf {Emb}}}(H,G)$$\end{document}$ as well as the number of induced subgraphs $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\#{{\mathsf {IndSub}}}(H,G)$$\end{document}$ can be expressed as a linear combination of homomorphisms. In case of embeddings the result states that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \#{{\mathsf {Emb}}}(H,G) = \sum _{\rho \ge \emptyset } \mu (\emptyset ,\rho ) \cdot \#{{\mathsf {Hom}}}(H/\rho ,G), \end{aligned}$$\end{document}$$where the sum is over the partition lattice of the vertices of *H*, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$ is the Möbius function over that lattice and $\documentclass[12pt]{minimal}
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                \begin{document}$$H/\rho $$\end{document}$ is obtained from *H* by identifying vertices along $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$. Now, intuitively, the main result of Curticapean, Dell and Marx states that computing a linear combination of homomorphisms is precisely as hard as computing the hardest term in the linear combination. Together with the dichotomy for counting homomorphisms this implies that every problem expressible as a linear combination of homomorphisms is either fixed-parameter tractable or $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathrm {W[1]}}}$$\end{document}$-hard.

The purpose of this work is a thorough investigation of the problem of counting induced subgraphs through the lense of the framework of graph motif parameters. Chen, Thurley and Weyer \[[@CR6]\] proved that the problem $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathsf {IndSub}}}({\mathcal {H}})$$\end{document}$ of, given a graph $\documentclass[12pt]{minimal}
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                \begin{document}$$H \in {\mathcal {H}}$$\end{document}$ and an arbitrary graph *G*, computing $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathsf {IndSub}}}(H,G)$$\end{document}$ is fixed-parameter tractable when parameterized by \|*H*\| if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {H}}$$\end{document}$ is finite and $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathrm {W[1]}}}$$\end{document}$-hard otherwise. While this result resolves the parameterized complexity of problems such as computing the number of induced cycles of length *k*,[1](#Fn1){ref-type="fn"} it is not applicable to problems such as computing the number of connected induced subgraphs of size *k*. For this reason, Jerrum and Meeks \[[@CR14]--[@CR16], [@CR22]\] introduced and studied the following problem: Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi $$\end{document}$ be a (computable) graph property, then the problem $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathsf {IndSub}}}(\varPhi )$$\end{document}$ asks, given a graph *G* and a natural number *k*, to count all induced subgraphs of size *k* in *G* that satisfy $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi $$\end{document}$.[2](#Fn2){ref-type="fn"} In other words, the goal is to compute$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum _{H \in \varPhi _k} \#{{\mathsf {IndSub}}}(H,G) , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi _k$$\end{document}$ is the set of all (unlabeled) graphs with *k* vertices that satisfy $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi $$\end{document}$. The generality of $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathsf {IndSub}}}(\varPhi )$$\end{document}$ allows to count almost arbitrary substructures in graphs, subsuming lots of parameterized counting problems that have been studied before, and hence the problem deserves a thorough complexity analysis with respect to the property $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi $$\end{document}$. Jerrum and Meeks proved it to be $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathrm {W[1]}}}$$\end{document}$-hard for the property of connectivity \[[@CR14]\], for the property of having an even (or odd) number of edges \[[@CR16]\] as well as for some other properties (see Sect. [1.2](#Sec3){ref-type="sec"}). As noted in \[[@CR8]\], the theory of graph motif parameters immediately implies that for every property $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi $$\end{document}$, the problem $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\#{{\mathsf {IndSub}}}(\varPhi )$$\end{document}$ is either fixed-parameter tractable or $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathrm {W[1]}}}$$\end{document}$-hard. However, for a concrete $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi $$\end{document}$ it might be highly non-trivial to prove for which graphs *H* the term $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathsf {Hom}}}(H,G)$$\end{document}$ is contained with a non-zero coefficient in the equivalent expression as linear combination of homomorphisms. Unfortunately, this is precisely what needs to be done to find out whether $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathsf {IndSub}}}(\varPhi )$$\end{document}$ is fixed-parameter tractable or $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathrm {W[1]}}}$$\end{document}$-hard. In our investigation we will focus on the coefficient of $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathsf {Hom}}}(K_k,G)$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$K_k$$\end{document}$ is the complete graph on k vertices. We will see that for monotone properties, non-zeroness of this coefficient is sufficient for the property to be evasive.

Results and Techniques {#Sec2}
----------------------

The framework of graph motif parameters \[[@CR8]\] implies that for every property $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi $$\end{document}$ and natural number *k*, there exists a function *a* from graphs to rationals with finite support such that for all graphs *G* it holds that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum _{H \in \varPhi _k} \#{{\mathsf {IndSub}}}(H,G) = \sum _H a(H) \cdot \#{{\mathsf {Hom}}}(H,G) . \end{aligned}$$\end{document}$$Our most important observation is concerned with the coefficient of the complete graph.

### **Theorem 1** {#FPar1}
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                \begin{document}$$\varPhi $$\end{document}$, *kandabe as above. Then it holds that*$\documentclass[12pt]{minimal}
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                \begin{document}$${{{\mathsf {E}}}}^\varPhi _k$$\end{document}$*is the set of all edge-subsetsAof the labeled complete graph withkvertices such that*$\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi $$\end{document}$*holds for the graph induced byA*.

It turns out that for monotone properties, i.e., properties that are closed under the removal of edges, the term $\documentclass[12pt]{minimal}
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                \begin{document}$$\sum _{A \in {{{\mathsf {E}}}}^\varPhi _k} (-1)^{\#A}$$\end{document}$ is equal to the reduced Euler characteristic $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi _k$$\end{document}$. Recall that a simplicial complex is a set of sets that is closed under taking non-empty subsets and a simplicial graph complex is a simplicial complex whose elements are subsets of the edges of the labeled complete graph. We will make this formal in Sect. [2](#Sec4){ref-type="sec"}. Applying Theorem 1 to monotone properties we hence obtain the following.

### Corollary 2 {#FPar2}
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As computing the number of cliques of size *k* is $\documentclass[12pt]{minimal}
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                \begin{document}$$\#{{\mathrm {W[1]}}}$$\end{document}$-complete \[[@CR11]\] and computing a linear combination of homomorphisms is precisely as hard as computing its hardest term \[[@CR8]\], Corollary [2](#FPar2){ref-type="sec"} immediately resolves the complexity of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta (\varPhi _k)$$\end{document}$ is known to be non-zero for infinitely many *k*. Moreover, as the reduction in \[[@CR8]\] is tight, we also obtain a matching lower bound assuming the Exponential Time Hypothesis (ETH) if the set of such *k* is dense. Here an infinite set $\documentclass[12pt]{minimal}
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### Corollary 3 {#FPar3}
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                \begin{document}$$\varPhi $$\end{document}$*be a monotone graph property such that*$\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{\chi }}(\varDelta (\varPhi _k)) \ne 0$$\end{document}$*for infinitely manyk*. *Then the problem*$\documentclass[12pt]{minimal}
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                \begin{document}$$f(k)\cdot n^{o(k)}$$\end{document}$*for any computable functionfunless ETH fails*.

The (reduced) Euler characteristic is well-understood for many graph complexes. For example, Chapt. 10.5 in the book of Jonsson \[[@CR17]\] provides a large list of graph properties, each of whose reduced Euler characteristics are non-zero infinitely often. For those properties Corollary [3](#FPar3){ref-type="sec"} is hence applicable.

The study of the (reduced) Euler characteristic is, among others, motivated by Karp's famous evasiveness conjecture, stating that every non-trivial monotone graph property is evasive. A property $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi _k$$\end{document}$ holds on *G*. We refer the reader to Miller's survey \[[@CR23]\] for a detailed introduction. While the conjecture is still unresolved, there has been a major breakthrough due to Khan, Saks and Sturtevant \[[@CR18]\] who proved the conjecture to be true whenever *k* is a prime power. Their paper "A Topological Approach to Evasiveness" was, as the name suggests, the first one to use topological tools such as fixed-point complexes under group operations to prove evasiveness of a given graph complex. One of their results reads as follows.[3](#Fn3){ref-type="fn"}
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Unfortunately, the converse of this theorem does not hold. A counterexample is given in Chapt. 10.6 in Jonsson's book \[[@CR17]\]. Nevertheless it turns out that some tools of the topological approach to evasiveness suit as well for a topological approach to $\documentclass[12pt]{minimal}
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### **Theorem 5** {#FPar5}
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We remark that Rivest and Vuillemin \[[@CR25]\] implicitly proved that the reduced Euler characteristic of a graph complex does not vanish if the first condition is true. Furthermore we note that (non-)triviality of a monotone property needs to be defined with some care to exclude properties that depend only on the number of vertices of a graph. Details are given in Sect. [4](#Sec9){ref-type="sec"}. Examples of properties that satisfy the first condition are the ones of being bipartite, cycle-free, disconnected and non-hamiltonian. One example for the second condition is the property of having a chromatic number smaller or equal than half of the size of the graph (rounded up) and the fourth condition includes the properties of exclusion of a fixed complete graph as a subgraph.
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### **Theorem 6** {#FPar6}
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Related Work {#Sec3}
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Those latter results are independent from ours in the sense that ours do not imply theirs and vice versa. One example of a property whose hardness does not follow from the results of Jerrum and Meeks is bipartiteness: The edge-densities of both, the properties of being bipartite and not bipartite grow asymptotically as fast as $\documentclass[12pt]{minimal}
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The remainder of the paper is structured as follows. In Sect. [2](#Sec4){ref-type="sec"} we introduce the necessary background in parameterized (counting) complexity, graph theory as well as in the theory of transformation groups and simplicial complexes. In Sect. [3](#Sec8){ref-type="sec"} we give a formal introduction to graph motif parameters and prove Theorem [1](#FPar1){ref-type="sec"}. This is followed by the analysis of monotone properties and the proof of Theorem [5](#FPar5){ref-type="sec"} in Sect. [4](#Sec9){ref-type="sec"}. In particular, we will take a close look at the fixed-point set of the group operation on labeled graphs that induces a cyclic shift on the vertices. Finally we discuss non-monotone properties and prove Theorem [6](#FPar6){ref-type="sec"} in Sect. [5](#Sec10){ref-type="sec"}.

Preliminaries {#Sec4}
=============
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Graph Theory {#Sec5}
------------

In this work all graphs are considered to be undirected, simple and to not contain self-loops. Given a graph *G* we write *V*(*G*) for the vertices and *E*(*G*) for the edges of *G*. We denote the complete graph on $\documentclass[12pt]{minimal}
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A *homomorphism* from a graph *H* to a graph *G* is a function $\documentclass[12pt]{minimal}
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Transformation Groups and Simplical (Graph) Complexes {#Sec6}
-----------------------------------------------------
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### **Fact 8** {#FPar8}
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### **Theorem 9** {#FPar9}
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Parameterized (Counting) Complexity {#Sec7}
-----------------------------------
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Graph Motif Parameters {#Sec8}
======================

In \[[@CR8]\] Curticapean, Dell and Marx generalized the problem $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\#{{\mathsf {Hom}}}({\mathcal {H}})$$\end{document}$ to linear combinations, called *graph motif parameters*. To this end, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {A}}$$\end{document}$ be a recursively enumerable set of functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a: {\mathcal {G}} \rightarrow {\mathbb {Q}}$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {supp}(a)$$\end{document}$ is finite. Then the problem $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\#{{\mathsf {Hom}}}({\mathcal {A}})$$\end{document}$ asks, given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \in {\mathcal {A}}$$\end{document}$ and a graph *G*, to compute $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum _{H \in {\mathcal {G}}} a(H) \cdot \#{{\mathsf {Hom}}}(H,G)$$\end{document}$. The parameter is the description length of *a*, denoted by \|*a*\|. Their main result states that computing a linear combination of homomorphisms is as hard as computing all terms with non-zero coefficients:

**Theorem 11** {#FPar11}
--------------
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**Theorem 12** {#FPar12}
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Monotone Properties {#Sec9}
===================

Recall that monotone graph properties are closed under the removal of edges. In what follows we assume every monotone graph property to hold on the independent set, i.e., the graph containing no edges, because otherwise the property would be trivially false. For technical reasons we say that a property is *non-trivial* if it is false on $\documentclass[12pt]{minimal}
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*Proof* {#FPar17}
-------
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Corollary 15 {#FPar18}
------------

(Corollary [3](#FPar3){ref-type="sec"} restated) *Let*$\documentclass[12pt]{minimal}
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*Proof* {#FPar19}
-------
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The above criterion yields hardness of $\documentclass[12pt]{minimal}
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**Lemma 16** {#FPar20}
------------
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*Proof* {#FPar22}
-------
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Now we have everything we need to prove our main result. We start with monotone properties that are false on odd cycles or true on odd antiholes.
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Finally, Theorem [5](#FPar5){ref-type="sec"} follows from Lemmas [17](#FPar21){ref-type="sec"}, [16](#FPar20){ref-type="sec"}, [19](#FPar24){ref-type="sec"} and [20](#FPar26){ref-type="sec"} .

*Proof (of Theorem 5)* {#FPar30}
----------------------
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Non-monotone Properties {#Sec10}
=======================
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**Lemma 22** {#FPar31}
------------
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*Proof* {#FPar32}
-------
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For the second non-monotone property, let *F* be a connected graph. Then the property $\documentclass[12pt]{minimal}
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**Lemma 23** {#FPar33}
------------

*LetFbe a connected (unlabeled) graph onfvertices. Then for*$\documentclass[12pt]{minimal}
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*Proof* {#FPar34}
-------
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Conclusion and Future Work {#Sec11}
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We used the framework of graph motif parameters to provide a sufficient criterion for $\documentclass[12pt]{minimal}
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This problem can be equivalently expressed as $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathrm {PROPERTY}}}(\varPhi )$$\end{document}$, both of which have been introduced in \[[@CR14]\]. However, as Jerrum and Meeks point out, those problems are equivalent for graph properties that are invariant under relabeling of vertices (see Section 1.3.1 in \[[@CR14]\]), which is true for all properties we are concerned with in this work.

In fact, Khan, Saks and Sturtevant show that any non-evasive complex is collapsible. However, every collapsible complex has a reduced Euler characteristic of zero (see e.g. \[[@CR21]\]). Hence the contraposition implies the theorem as stated.

We just need to substract one from $\documentclass[12pt]{minimal}
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We remark that in some literature, e.g. \[[@CR22], [@CR25]\], the notions of monotonicity and co-monotonicity are reversed.

We remark that the graph parameter of treewidth is not used explicitely in this work. Hence we refer the reader e.g. to Chapt. 11 in \[[@CR12]\].

We omit the formal introduction to Möbius inversion as we will only need the fact that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu (\emptyset ,\emptyset )=1$$\end{document}$. We refer the interested reader to \[[@CR20]\], where the concept is introduced and Eq. ([8](#Equ8){ref-type=""}) is proved.

As pointed out by an anonymous reviewer, it is also possible to just delete edges between vertices of the same color to reduce colorful cliques to uncolored cliques.

This is required to exlude properties like $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi (G) = 0 \Leftrightarrow \#V(G) \equiv 1 \mod 2$$\end{document}$ which indeed is monotone as it is closed under the removal of edges.
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